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Microvibration management onboard spacecraft with high stability requirements has drawn increasing interest from engineers and scientists, and this paper discusses a reaction wheel design that allows a significant reduction of mid-to high-frequency microvibrations and that has been practically implemented in industry. Disturbances typically induced by mechanical systems onboard a spacecraft (especially rotating devices such as reaction wheel assemblies and momentum wheel assemblies) can severely degrade the performance of sensitive instruments. Traditionally, wheel-induced high-frequency (over 100-200 Hz) vibrations, generated by a combination of phenomena from bearing noise to dynamic amplifications due to internal resonances, are especially difficult to control. In this paper, the dynamic behavior of a newly designed wheel assembly, with a cantilevered flywheel configuration supported by a soft-suspension system, is investigated. The wheel assembly's mathematical model is developed and later verified with vibration tests. Wheel-assembly-induced lateral and axial microvibrations are accurately measured using a seismic-mass microvibration measurement system, which represents an alternative to typical microvibration measurement setups. Finally, the performance of this wheel assembly in terms of microvibration emissions is compared with a traditional design (with a rigid suspension) through comparison of frequency spectra, and it is shown that this design produces significantly lower vibrations at high frequency. = about x c and y c axis of seismic mass ix, iy = at wheel-assembly/seismic-mass interface, in x and y directions md = dynamic imbalance condition ms = static imbalance condition r = torsional (spring and dashpot) s = wheel and seismic system s xx , s yy , s zz = orthogonal directions of wheel-assembly and seismic-mass system sx, sy, sz = orthogonal directions of wheel-assembly and seismic-mass system t = linear (spring and dashpot) w = flywheel x, y, z = orthogonal directions I. Introduction M INIMIZING microvibrations onboard spacecraft is a key issue for current and future space systems that require high pointing accuracy and stringent stability performance [1] [2] [3] , for example. In this context, the term microvibration refers to low-level mechanical disturbances in the region of microgravity, typically occurring at frequencies from less than 1 Hz up to 1 kHz [4] . Microvibrations are mainly generated by mechanical systems located on the spacecraft, including cryocoolers, solar array drive mechanisms, drives for pointing mechanisms, and rotating devices such as reaction wheel assemblies (RWAs) and momentum wheel assemblies (MWAs), collectively referred to here as wheel assemblies (WAs). Among all devices onboard a spacecraft, WAs are usually the largest microvibration sources [5] , vibration forces and moments emitted by WAs can severely degrade the performance of precision payloads in space [6] [7] [8] [9] [10] . Therefore, understanding and controlling their vibration (either passively or actively, for example, [11] [12] [13] ) is a crucial factor to achieving the desired level of payload performance.
A typical WA consists of a rotating flywheel mounted on a rigid shaft supported by bearings (mechanical or magnetic) and driven by a brushless dc motor, all of which is encased in a housing. Nominally, RWAs have zero speed and may be rotated (accelerated/decelerated) in either direction, generally up to 3000-4000 rpm, to produce reactive torques used to control the attitude of the satellite. MWAs usually spin at a high mean speed (typically between 5000 and 10,000 rpm) to provide momentum bias and stability to the spacecraft [14] . Both wheel types are often used in conjunction with external torquers and are particularly useful when the spacecraft needs to be rotated by very small amounts and to maintain pointing without consuming onboard propellant [15] .
Common flywheel configurations of a WA are either symmetrical (flywheel at midspan of the shaft) or cantilevered (flywheel at one end of the shaft). Though the configurations are different, as a rotating mechanical system they manifest similar dynamic behavior, except that the two flexural modes (lateral rocking and translational) are mixed together for the cantilevered type, but well defined and separate for the symmetrical type (this is true especially for WAs in the case that the shaft is short and rigid [16, 17] ). Although rotor dynamics has been studied for many years, the first detailed dynamic analysis of a symmetrical flywheel for a space application was proposed in [18, 19] for the RWAs used in Hubble Space Telescope in the 1990s. The wheel-imbalance model with flywheel static imbalance [offset of the center of mass (c.m.) of the flywheel with respect to its spin axis] and dynamic imbalance (misalignment of the flywheel's principal axis and the rotation axis) was conceptualized, and other disturbance sources (bearing and motor) impact on a typical RWA were analyzed in [20] . RWA testing in [18] showed that the induced disturbances are mainly generated by four phenomena: flywheel imbalance, flywheel internal flexibility, bearing disturbance, and motor disturbance. Among these, the flywheel imbalance is generally regarded as the largest. The initial test results from [19] showed (not surprisingly, as this is typical for general rotating machinery) that the wheel-induced vibrations are mostly sinusoidal (often multitone) in nature, and that below the first resonant frequency, imbalance causes a disturbance force and moment, respectively, at the flywheel's spin rate (the fundamental harmonic) with amplitude proportional to the rotational speed squared. However, a detailed model of the RWA-induced disturbances was not published until 1999 in [21, 22] .
Based on the RWA vibration tests carried out at NASA Goddard Space Flight Center (GSFC) and Orbital Sciences Corporation in [21] , an empirical model of a symmetrical RWA was developed to extract harmonic parameters from disturbance data and thus simulate the flywheel-imbalance-caused harmonic disturbances. However, due to the limitations of the empirical model in representing the large amplifications caused by the flywheel's internal flexibility at some speeds, in [22] the model was further developed by integrating it with a RWA mathematical model that accounted for the flywheel imbalance and internal resonances. In practice, however, WAs are installed on spacecraft structures, meaning that their dynamic behavior becomes coupled with that of the spacecraft (i.e., disturbances from the WA excite the spacecraft, which in turn excites the WA itself, and so forth, producing a dynamic coupling effect between the two bodies). For this reason, they cannot be treated in isolation and in [22, 23] a detailed method based on a combination of experimental data and analytical equations was developed to account for coupling effects between the RWA and its supporting structure. The structure performance model was developed with coupled RWA disturbances considered, and several experiments were carried out to validate the model and also for comparison to the two modeling methods (grounded and coupled WA disturbances as inputs). The results show that the coupled RWA-structure disturbance model when applied to the spacecraft structure finite element model as input gives a more accurate prediction than applying the grounded disturbance. However, in [23] the development of the mathematical model of the RWA (cantilevered flywheel with rigid bearing in this case) is not included, and input disturbance data are empirical (from RWA vibration tests). This method was then applied to assess the optical performance of the Space Interferometry Mission in [24, 25] .
In this paper, a mathematical model of a WA designed by Satellite Services Limited in collaboration with the University of Southampton is developed and its dynamics are studied in detail to provide a model that, in the future, can be integrated with a complete satellite model. This WA is presented in Figs. 1c and 1d . The WA is composed of a cantilevered flywheel supported by a soft-suspension system that constrains both rotations and translations. The suspension system also connects the motor/shaft and flywheel to the WA base. This is substantially different from the traditional arrangement, which has the shaft supported by bearings positioned at some distance along the shaft, and where the bearings are modeled as sets of springs and dashpots acting along orthogonal axes. The traditional model is widely used for general rotating systems, and its study has been well consolidated and can be found in many papers and textbooks [26] [27] [28] , being a few examples. In our case the softsuspension system is instead connected at a single location, restrains translations and rotations, and can be designed as a passive control system to minimize the high-frequency disturbances induced by the WA. The system is modeled as a combination of linear and torsional springs and dashpots at a certain location offset from the c.m. of the rotor. In this paper, by using the Lagrangian approach (energy method), a mathematical model of this WA is developed. This model is then extended to include the dynamics of a seismic mass that is used to carry out microvibration tests (also described in this paper) to validate the mathematical models.
Coupled with the issue of modeling as described above, the accurate measurement of microvibrations induced by spacecraft units has also become an important subject. ESA has recently issued an Invitation to Tender (ITT) § to establish the best practice to be implemented in a facility for the characterization of sources of microvibrations.
To accurately measure WA-induced disturbances, many methods have been developed in the past, and the three most representative are reported in [21, 23, 29] . Generally speaking, dynamometric platforms (e.g., Kistler table) are the most used system for spacecraft equipment vibration tests. These are ideal for direct measurement of force and moment disturbances in six degrees of freedom (DOF) for grounded WAs with minimum detectable force in general down to 1 mN [10] ; however, they cannot be used for a coupled measurement, due to their size and weight. Other systems that can be used are based on the airfloating vibration detection system described in [29] , which, in summary, uses a charge-coupled-device laser sensor to measure system displacement disturbance caused by the RWA, then converts this into force and momentum disturbances. The RWA-induced vibrations (grounded) were measured and analyzed later in [30] using this system. This type of system can accurately measure disturbances with frequency down to the subhertz region with a minimum detectable force of about 0.5 mN. However, the maximum frequency is only up to 20 Hz, and only one lateral direction can be measured at one time. Finally, there are force-moment sensors such as those produced by JR3, Inc., which can be used for both grounded and coupled analysis [23] . However, these sensors usually contribute a significant mass to the test specimen. If the specimen is a small RWA, the requirement for high-accuracy measurements of low-level vibration may be jeopardized by this alteration in system mass (this issue only becomes severe for the coupled analysis).
Concerning the measurement system, in this paper, a relatively simple indirect method (seismic-mass microvibration measurement system) is proposed as an alternative to the systems described above. This method uses relatively common high-sensitivity accelerometers to measure the vibrations transmitted from the WA to a supporting seismic mass. In this paper, it is shown that the accuracies of the measurements that can be obtained are comparable with the other more sophisticated systems. Finally, the microvibrations emitted by a WAwith a soft-suspension system are compared with those produced by a traditional rigid-suspension design.
II. Mathematical Model
Some typical WA configurations are schematically shown in Fig. 1 . In the symmetrical configuration, Fig. 1a , the flywheel is fixed at midspan of the shaft, which is supported by bearings at each side of the flywheel. In Fig. 1b , a cantilever configuration is shown. It has the shaft on one side of the flywheel supported by a pairing of ball bearings at a certain distance apart from each other, with the motor in between. In these conventional designs, the components in the WAs are usually sized to provide enough stiffness to deliver a relatively high resonant frequency (normally above 100 Hz) that meets the typical spacecraft requirements. However, if this requirement can be waived somehow (i.e., compared with the spacecraft, a RWA can be very small and its internal resonances at low frequencies may not affect the spacecraft global modes; thus, the minimum-frequency requirement can be waived and the wheel internal resonances can be considered as a local phenomena), the selection of the stiffness can be made in order to minimize the mechanical disturbances produced by the WA.
In this paper, the WA studied has a cantilevered flywheel supported by a soft-suspension system, shown in Figs. 1c and 1d, which provides both rotational and translational support. The softsuspension system can be designed as a passive system that filters the vibrations produced by the motor (e.g., its bearings), thus minimizing the mechanical disturbances emitted by the WA when spinning. The WA is designed to have a speed range beyond 10,000 rpm, making it suitable for use as either a RWA or MWA.
In this section, the mathematical models of the disturbances emitted by the WA flywheel are developed, and they can be used for trading off the various parameters that characterize the WA design in order to minimize the disturbances and/or coupled with a model of the spacecraft to predict the vibrations at sensitive locations.
The WA's dynamic behavior is modeled using generalized equations of motion (EOM) through Lagrange's equations (energy approach):
where n is the nth generalized coordinate, Q i is external work done, and L is known as the Lagrangian and defined as the difference between total kinetic energy T and total potential energy U of the system:
where t is time, and the dot denotes the first derivative with respect to the time.
A. Grounded WA Generally speaking, flywheel imbalance cannot be totally avoided, as there will always be some tolerances or imperfections due to manufacture. The development of the complete mathematical model (either a grounded WA or that coupled with a seismic mass) includes three cases: balanced flywheel, statically imbalanced flywheel and dynamically imbalanced flywheel. The imbalanced WA can be considered as the simplified model shown in rotations around each body axis are w , ' w , and w , respectively (note that the flywheel spins at a constant speed: thus, _ w ). The flywheel is modeled as a rigid thin disk with mass M w , connected by a rigid massless shaft of length d to a flexible axisymmetric support. The support is modeled as a pairing of linear and rotational springs and dashpots in the two lateral directions, respectively, in the rotation plane and in the shaft-pointing direction with a pairing of a linear spring and dashpot. Because of the axisymmetry of the flexible support, the linear spring stiffness k t is the same in the x w z w and y w z w planes, and the same applies to the torsional spring stiffness k r and dashpot damping coefficients c t and c r . In the shaft-pointing direction, the linear spring stiffness and dashpot damping coefficient are k z and c z , respectively.
For the statically imbalanced case, the imbalance can be modeled as a small point mass m s placed at radius r s on the flywheel. The dynamic imbalance is modeled using two identical small point masses m d placed 180 apart at a radius distance r d and an axial distance 2h.
The inertia tensor of the idealized flywheel in the body frame is taken as
where I r and I z are the moments of inertia about the transverse (x w and y w ) axes and rotation (z w ) axis, respectively. Euler transformations are used to write the angular velocity of the balanced wheel in the body frame as
The total kinetic energy of the flywheel is the sum of translational and rotational kinetic energy; thus,
Similarly, the total potential energy of the nominal flywheel is the sum of lateral translational, rotational and axial potential energy. By assuming small displacements, the potential energy of the wheel can be expressed as
For the static imbalanced case, the total displacement vector of the static imbalancing mass can be obtained as 
And the kinetic energy of the imbalancing mass T ms can be obtained as 
Assuming small displacements, that the mass imbalance m s is much smaller than the flywheel's mass M w , and that the wheel spin speed is much larger than the rotational perturbation velocity about each axis, the kinetic energy of the statically imbalanced flywheel T wms can finally be obtained as
For the dynamic imbalanced case, to derive the kinetic energy of the two added masses, the total displacement vectors of each dynamic mass imbalance on the flywheel are first written down as where Eqs. (10) and (11) are the displacement vectors for the dynamic mass imbalance on the right-hand side and left-hand side, respectively, about the shaft axis in Fig. 2 . The total kinetic energy of two imbalancing masses T md can then be written as 
Therefore, the total kinetic energy T wmsmd of the complete imbalanced flywheel can be obtained by summing Eqs. (5), (8) , and (12). Using the above-mentioned assumptions for the statically imbalanced case gives
Finally, the external work done can be obtained by applying virtual forces and moments at the c.m. of the flywheel, and, by using Eqs. (6) and (13), it is possible to write the Lagrangian, thus having all the terms present in Eq. (1) . Using this equation, the resulting EOM can be written as 
From Eq. (14), it is evident that the lateral translational and rotational motions in the two planes x w z w and y w z w are coupled, as neither the stiffness matrix nor the damping matrix is diagonal. Meanwhile, although for a cantilevered flywheel the two lateral motions are coupled, under reasonable assumptions (small displacement, small mass imbalance, and large flywheel spin speed), the static imbalance force does not affect the flywheel rotational (rocking) motion. The only result is an offset of the c.m. of the flywheel from its spin axis [although this does not appear in Eq. (14), due to small-mass imbalance assumption], and there is no external torque on the flywheel. Similarly, adding dynamic mass imbalances only produces a moment about the c.m. of the flywheel, with no effect on the lateral translational motion.
Equation (14) is in linearized form and includes the assumption that the mass imbalance does not change the flywheel mass and inertia properties captured in the mass matrix in Eq. (14) . This is a reasonable assumption in practice, since flywheels are balanced quite well during manufacture, and the residual imbalance is relatively small compared with the flywheel. However, the mass imbalance cannot be neglected as a source of excitation [right-hand side in Eq. (14)], as the amplitudes of both force and moment disturbance are proportional to flywheel spin speed squared. For example, a typical MWA can spin at up to 10,000 rpm; as a result, despite the low mass imbalance, large loads can still be created, due to the high velocity. With the small-mass imbalance assumption, there is theoretically no excitation along the shaft-pointing direction.
B. WA Coupled with Seismic Mass
The quantification of the WA-induced disturbance is one of the most significant steps to assess the suitability of a design. In this paper, a relatively simple method is used to measure the disturbances emitted by the WA, and its implementation is shown in Fig. 3 . In essence, this method consists of calculating the forces and moments produced by the WA by measuring the accelerations of a seismic mass that supports it.
The whole system (WA and seismic mass, which also includes the wheel base) is suspended using elastic cords supported by benchfixed aluminum poles each side of the seismic mass, thus simulating a free-free condition. The elastic cords were chosen such that the system resonant frequencies were less than 1 Hz (verified with a tap test) and not in the frequency range of interest in this paper. The seismic mass has coordinates x c y c z c with origin C at its c.m.; c , ' c , and c are the corresponding rotations around each axis. Note that in the shaft-pointing direction, the kinetic energy of the wheel is much larger than that of the seismic mass, and thus the perturbation of the seismic mass about this axis, c is ignored. M c is the mass of the seismic mass; I c xx and I c yy are moments of inertia of the seismic mass about the x c and y c axes, respectively. The vertical distance from the soft-suspension-system/wheel-base interface to the c.m. of the seismic mass is l.
The seismic mass can be considered as a rigid body connected with a flywheel (another rigid body) by the soft-suspension system. With the small-displacement assumption, the kinetic energy of the seismic mass T c is obtained as
The potential energy U s of the system can be obtained (using the small-displacement assumption) through the relative motion at the soft-suspension-system/flywheel-base interface:
Using Eq. (1) for the undamped system, the fully linearized EOM of the system with respect to each of the 10 DOF (the axial rotation of flywheel and seismic mass are neglected) are obtained. They are written in matrix form as
where all matrices are as follows: 
Note that if the seismic mass is fixed (i.e., grounded WA), i.e., the DOF of the seismic mass are ignored, then Eq. (17) reduces to Eq. (14).
C. Natural Frequencies
If the WA is directly grounded (i.e., with the seismic mass blocked), Eq. (14) can be written in complex coordinates and then solved using the usual homogeneous equation. The biquadratic equations for flexural motion and the independent axial motion of the undamped system can thus be obtained as
where ! refers to the four flexural natural frequencies and ! z is the axial one. For the case when the WA is coupled with the seismic mass, Eq. (17) 3 and ! 4 occur in the forward direction (forward whirling), ! 1 and ! 2 occur in the backward direction (backward whirling). Since the axial motion is uncoupled from lateral motion, ! z is solved independently and resulted in a horizontal line on the diagram. Also, it is notable in the test results that ! 2 backward whirling is not seen in any test, and ! 1 backward whirling is hardly seen, but forward whirling is easily identified in both cases.
The predictions of the five theoretical solutions at standstill are listed in Table 1 . Owing to axisymmetry, there are two identical pairs; which this is also clear from Fig. 4 at 0 rpm. To identify experimental values of the WA at standstill, tests were carried out and these results are also listed in Table 1 .
Generally speaking, test results match very well with all theoretical curves; the largest error is approximately 2 Hz, occurring for the axial motion (the relative error is 8%). Some discrepancies are due to the small-mass assumption used in the mathematical models. For example, using Eq. (19) for the grounded case and considering the mass imbalance of 0.2 g at the outmost edge of the flywheel, the experimentally measured axial natural frequency matches exactly the theoretical one of 28 Hz.
Meanwhile, as expected for a cantilevered flywheel, from Figs. 4a and 4b the two forward whirls (! 3 and ! 4 ) and the lateral translational and rocking modes are coupled with each other. In this case, it is impossible to separate the lateral translational and lateral rocking whirling on each of the two curves. As speed increases, one whirling type transforms to the other. For example, for the grounded case Fig. 4a , ! 3 curve appears to be lateral rocking from 0 to 1300 rpm (the sloped region of the graph), then tends toward lateral translational motion as speed increases to infinity (the horizontal part). On the same diagram, the ! 4 curve shows the opposite behavior. The coupled case has a similar pattern for all natural frequencies, with the difference that the mixed lateral translational modes shift upward by 5 Hz, whereas the rest do not change significantly. This will increase the synchronous critical speed slightly (see Sec. IV, Table 2 ). Also, the mode turning point for the two forward modes shifts to 1700 rpm. This means that by considering the WA coupled with seismic mass, the motion of the flywheel becomes more translational in the given speed range. Because of this mixed-mode feature, it is difficult to distinguish amplitudes belonging to the different modes at around 50 Hz in the test results.
In conclusion, at this point, it is possible to say that two mathematical models given in Eqs. (14) and (17) can be used to describe the undamped and free behavior of the system with appropriate accuracy.
III. Microvibration Measurement
A Kistler table was used to verify the theoretical results for the case of the WA directly grounded. Since this is the most common method to carry out microvibration measurements, these tests will be described briefly. For the WA coupled with the seismic mass shown in Fig. 3 , a more in-depth discussion is provided. All tests were carried out in a quiet environment, in a noise-isolated lab basement at night; all electrical devices such as air conditioning, redundant computers, and computer fan, etc., were shut down and discounted; the data-acquisition system (the computer) was isolated from the ground on a trolley; and test setups (Kistler table and coupled measurement system) were put on a shaker bench that was lifted by air cushions to isolate any noise transmitted from the ground. No audible acoustic sources (speech sound) were present during measurement.
A. Grounded Microvibration Tests
Disturbance forces induced by grounded WA were directly measured using a six-axis Kistler force/torque table (9253B12). The test setup is shown in Fig. 5 .
An aluminum fixture was used as an interface between the table and WA. The disturbances induced from the flywheel were directly transmitted to the base of the fixture, which was mounted in the center of the table. The four sensors at each corner of the table measured the forces, which were then combined using Eq. (20) for output:
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The output charge signals are converted into force signals through a three-channel charge amplifier (model Kistler 5019B) and are then acquired by a data-acquisition board (National Instruments PCI-4472). This set up was used to obtain the experimental resonances, which are then superimposed with the theoretical curves in Fig. 4a . However, note that tests in a grounded configuration will not completely reflect the dynamic behavior of the WA when it is attached to the spacecraft.
B. Coupled Microvibration Test
The system used to analyze the behavior of the WA on the seismic mass has been presented in Fig. 3 . Four accelerometers (Endevco 752A13) were attached to the seismic mass at the locations shown in the figure to measure the acceleration signals.
Using the coordinate system x s y s z s with origin O 0 at the c.m. of the system, the corresponding system rotation speeds are ! sx , ! sy , and ! sz , respectively. Accelerometers 1 and 2 are used to measure acceleration signals in the lateral direction with distances d 1 and d 2 , respectively, from the y s axis. Accelerometers 3 and 4 are used to measure acceleration signals in the shaft-pointing direction, s is the distance of point mass m e on the flywheel from the y s axis, and d 3 is the half-width of the seismic mass.
In the following subsections, the accelerations measured at the four accelerometer locations are first compared with the corresponding theoretical values. Next, a generalized inertia matrix is derived to transform acceleration signals at the four locations into forces and moments at the WA-base/seismic-mass interface. Finally, the performance of the seismic-mass microvibration measurement system is investigated.
Acceleration Verification
To verify the acceleration signals acquired by the four accelerometers with the theoretical ones, the rigid-WA model is used. Since the system does not have any resonances below 2000 rpm for both flexible and rigid WAs, there are no dynamic amplifications due to resonances if the WA is operated at low speeds and the whole system (WA supported by the seismic mass) behaves like a rigid body. In practice, this is achieved by replacing the soft-suspension system with a rigid-suspension system. From Fig. 6 (23) In the shaft-pointing direction, at constant speed, the flywheel spin speed is much larger than the perturbation speed of the seismic mass ! bz , and so Eq. (23) can be simplified as
By inserting Eq. (24) into Eq. (22), and expressing explicitly the moment produced by the rotation of the point mass m e (see Fig. 6 ), the following alternative form of the equations is obtained: (25) where r is the radius of the flywheel. Equation (25) is then used to calculate numerically ! sx as a function of the time t.
The acceleration at the four accelerometer locations can then be derived from the angular velocity and rotation:
Note that for the a 1 and a 2 expressions in Eq. (26), the first term is the translational acceleration, the second component comes from the tangential acceleration, and the third comes from the normal component, due to the rotational velocity. For a 3 and a 4 , since, in theory, there is no excitation along the shaft longitudinal direction, there are only the second and third terms, due to the rotation of the seismic mass. In Eq. (26) the second-order seismic-mass perturbation speed terms are ignored, due to their small amplitudes compared with wheel spin speed and perturbation accelerations.
By inserting ! sx calculated from Eq. (25), the acceleration of each accelerometer location (at each rotational speed) can be derived. These theoretical values are plotted in Fig. 7 .
Several tests were carried out with a point mass m e of 1 g attached to the flywheel spinning at speeds from 0 to 2000 rpm in steps of 100 rpm. The average values of the fundamental harmonic amplitude of 10 repeated tests for the four accelerometers were taken and plotted together with theoretical curves in Fig. 7 . From Fig. 7 , the experimental results correlate well with the corresponding theoretical ones; the largest error is less than 2%, which occurred for accelerometer 2 at 300 rpm. Note that although the difference between predictions and measured values is increasing the percentage error with respect to the measured value remains fairly constant. Accelerometers 3 and 4 have the same absolute amplitude, due to axisymmetry of the system and so in Fig. 7, the a 3 and a 4 results coincide both for their theoretical and experimental values. Meanwhile from Fig. 6 , accelerometers 3 (and 4) are at almost the same horizontal level as accelerometer 2. Therefore, though they measure vibration signals in the two orthogonal directions, they give very close absolute amplitudes, as can be seen in Fig. 7 . The good correlation between theoretical and experimental values for all accelerometers indicates that Eq. (26) can accurately describe accelerations at the four locations.
Generalized Inertia Matrix
The generalized inertia matrix is defined as the matrix that transforms linear and angular accelerations into forces and moments. Using Eqs. (21) and (26), the following equation is obtained:
From Eq. (27), the force F sy and moment M sx produced by the flywheel's imbalance at the c.m. of the system can be obtained. Thus, the lateral force F iy and moment M ix at the interface between the WA and the seismic mass are derived by transforming F sy and M sx as follows:
The generalized inertia matrix in Eq. (28) is then used to transform the acceleration signals at positions 1 and 2 into force and moment signals at the WA-base/seismic-mass interface in the y s z s plane. Since the WA is axisymmetric, the absolute values of F ix and M iy in the x s z s plane are the same as in the y s z s plane. In the shaft-pointing direction, the disturbance moment at the WA-base/support interface can be obtained from the a 3 and a 4 expressions in either Eq. (27) or Eq. (28) . Note that due to axisymmetry of the system, the absolute values detected by accelerometers 3 and 4 are the same all the time, but in opposite directions. Also M ix can be obtained from accelerometers 3 and 4 to verify the value obtained from accelerometers 1 and 2 using Eq. (28).
Seismic-Mass Microvibration Measurement System Performance
In the time domain at steady state, the lateral vibration signals acquired by accelerometers 1 and 2 are transformed into force/ moment signals at the interface between the WA and seismic mass by Eq. (28) . They are then processed to obtain the corresponding power spectral density and amplitude spectrum of the disturbances at each speed (including the background noise). All tests were carried out in a quiet environment, and the seismic-mass microvibration measurement system was placed on a shaker bench supported by air cushions in order to isolate any possible disturbance transmitted from the ground. The background noise on the force measurement is mainly the result of electrical noise and its level greatly depends on the accelerometer sensitivity. As an example, Fig. 8 compares lateral (y s direction) force background noise and disturbance at 100 and 600 rpm. Root-mean-square (rms) values are 2.5, 12, and 91 mN, respectively.
From Fig. 8 , the background noise level is mostly below the two disturbances produced when the flywheel is spinning (also in terms of rms values). Note that the level of the noise is relatively flat, whereas spinning the flywheel, besides the peak at the rotation speed, produces substantial noise above 250 Hz, which corresponds to the resonant frequency of the WAwith rigid suspension replaced with the ZHANG, AGLIETTI, AND ZHOU soft-suspension system (this should simulate the behavior of a typical reaction wheel as that in Fig. 1b) .
The minimum detectable force in the lateral direction was found by spinning the flywheel with a 0.2 g point mass attached on it, starting from 0 rpm and increasing speed in 10 rpm steps. With background noise considered (i.e., the practical performance), the first distinct peak at spin speed is found at 140 rpm with amplitude 0.8 mN, as shown in Fig. 9 . Figure 10 compares the microvibration measurement system performance with other available methods and also the requirements for future high-precision spacecraft design [7] .
As seen from Fig. 10 , the practical dynamic performance of the microvibration measurement system is between the air-floating detector (which is particularly good at measuring low-frequency disturbances; these are usually very difficult to detect, but have a maximum frequency around 20 Hz) and typical a Kistler table (which usually has a wide detecting range, but with coarse resolution). Though the seismic-mass microvibration measurement system still does not satisfy the requirements for future spacecraft design, as a direct and accurate method, it can be used as an alternative solution.
IV. Soft-Suspension System
To assess the soft-suspension system design in the WA, two types of tests were carried out. One was conducted with the soft-suspension system set as in service, i.e., flexible case (Fig. 1c) ; the other was run with the soft-suspension system replaced by a rigid-suspension system, corresponding to a conventional ball bearing design (e.g., Fig. 1b) . All tests were carried out using the seismic-mass microvibration measurement system described before. The flywheel was spun from 0 to 7000 rpm in 100 rpm steps. The generalized inertia matrix in Eq. (28) is used to transform the acceleration signals acquired at the four locations shown in Fig. 6 into force and moment at the interface between the WA and the seismic mass. Provided that the accelerometers are positioned in the other plane of symmetry, the seismic-mass microvibration measurement system can measure simultaneously in both planes; however, the system was set up to measure in one plane here, and the WAwas rotated by 90 to measure disturbance induced in another lateral direction. The two sets of measurements were then combined to produce the force-tube plots described in the next section.
A. Fundamental Harmonic Force Amplitude
For each testing speed, the disturbance force amplitude of the fundamental harmonic caused by the flywheel imbalance was recorded in both planes and combined to plot a force orbit at each constant speed. The cumulative force orbits for all speeds can be presented as a tube. Force-orbit plots for the flexible-and rigid-WA cases are presented in following figures (Figs. 11-13 ).
From Fig. 11 , it is clear that there is one resonance for the flexible case (in either lateral direction), but none for the rigid case, as, in fact, its first resonance frequency is beyond the range that was investigated. For the rigid case, the tube ends up with much larger amplitude for the same reason. To examine the behavior in detail, the flexible case is presented in the xz and yz planes, as shown in the following figure.
From Figs. 12a and 12b in both directions, before approaching the first critical speed (resonance), the amplitude first increases steadily with a circular orbit up to 4 N at 3000 rpm. However, at resonance it is clear that both maximum amplitude and critical speed are different in the two planes. In the x direction, the peak amplitude is about 4.5 N at 3600 rpm, but in the y direction, it is 6.1 N at 3450 rpm. This nonsynchronous amplitude results in the orbit being highly elliptic in this region, but as the spin speed continues increasing, the orbit tends toward more or less a circle again, due to the self-centering effect of imbalance at high speed. Table 2 summarizes both theoretical and experimental synchronous critical speeds in the x and y directions for the flexible WA grounded and coupled with the seismic mass. Investigation of the critical speeds listed in Table 2 allows one to gain an insight into the elliptic orbit phenomena and the performance of the WA.
Since in theory, the WA is axisymmetric (as for both the flywheel and the soft-suspension system), the disturbance amplitude and critical speed in the x and y directions should be the same all the time even for the resonance. However, the test results in Table 2 show differences in the two directions. The critical speed of the WA on the seismic mass in the y direction (3450 rpm) is very close to the theoretical one (3480 rpm). Meanwhile, for the grounded case, the experimental critical speed in y direction (3100 rpm) is also very close to that of the theoretical one (3120 rpm). Along the x direction, the differences are significantly larger (about 120 and 180 rpm), and several tests were carried out to investigate the reason. It was found that the cables that connected the motor to the case, and also the external cable to connect the WA to the control unit (fixed on the ground) provided a further stiffness path along the x direction.
Also from Table 2 , the effect of mounting the WA on the seismic mass is clear. For experimental values in both directions, the difference is about 300 to 350 rpm (around 5.5 Hz), which is very close to the theoretical prediction of 360 rpm shown in Table 2 and also Figs. 4a and 4b.
For the rigid case, Fig. 13 shows the forces in the xz and yz planes. In this case, the amplitude increases steadily in the test-speed range, i.e., no resonance occurs, due to the high stiffness of the rigid bearing. At the maximum test speed of 7000 rpm, the imbalance amplitude reaches 7 N in the x direction and 5.5 N in the y direction.
B. Soft-Suspension-System Performance
To assess the soft-suspension-system performance, cascade plots are generated for both rigid and flexible cases. Figures 14a and 14b present the force disturbance cascade plot in the lateral y direction for the flexible and rigid cases, respectively. Figure 15 presents those for the moments.
From Figs. 14a and 15a, it is clear that a mixed translational mode occurs around 60 Hz. Meanwhile, there are several superharmonics and one subharmonic appearing on the plot, due to the motor and its bearing disturbances, which are as expected, but no resonances over 60 Hz. Note that other whirls (mixed rocking and backward) cannot be seen clearly on the cascade plots, due to large amplifications caused by flywheel imbalance across the entire test-speed range. Instead, they are identified individually from amplitude-requency plots at each spin speed, as shown in Fig. 16 (the flywheel rotating at 2400 rpm for the two cases of cascade plots Figs. 14a and 14b) , for example.
Compared with the rigid case, Figs. 14b and 15b show a large number of superharmonics appearing, due to the motor and its bearing disturbances, but in this case, since the bearing is rigid, the influences of these imperfections become more severe, resulting in more obvious superharmonics. Most importantly, the translational mode in this case appears around 280 Hz (in fact, a bugle between 200 and 400 Hz), as shown in Fig. 16 .
From Fig. 17 , it is clear that at high-frequency band (between 100 to 700 Hz), disturbances generated by the flexible WA are much less than those produced from the rigid WA, which produces significant disturbances at the high-frequency band between 200 and 450 Hz. This validates those observed from Figs. 14 and 16. Traditionally, MWAs, which usually work at very high spin speed, produce high-frequency disturbances that are difficult to control and are likely to degrade the performances of sensitive equipments on spacecraft. However from the above discussion, it appears that the soft-suspension system can reduce such problems. For RWA applications, which usually work at much lower speed, the disturbances will be larger than those from a rigid design. However, these lowfrequency disturbances at specific frequencies may be easier to control than the higher-frequency broadband vibrations produced by a rigid WA.
V. Conclusions
In this paper, a mathematical model of flywheel-induced vibrations of a WA with a cantilever flywheel configuration supported by a soft-suspension system has been developed. The purpose of the model is to calculate the microvibrations emitted by the WA: i.e., reaction forces and moments at the interface between the WA and the ground or a supporting structure (in this work, a seismic mass). The paper also presents a simple indirect measurement system for the reactions at the WA mounting interface, based on monitoring the accelerations of a seismic mass onto which the WA is mounted. A generalized inertia matrix that allows the accelerations monitored during the experiment to be transformed into the interface loads is derived, and a comparison between the results of the mathematical model and experimental data shows a very good agreement. The resonant frequencies and amplitudes of the loads, produced by the static and dynamic imbalance of the flywheel during operation are correctly reproduced. The experimental setup could correctly measure WA-induced vibrations in lateral and axial direction simultaneously with a minimum detectable force below 1 mN and minimum frequency below 2.5 Hz. Finally, the performance of this WA in terms of microvibration emissions was compared with a traditional design (with a rigid suspension) through comparison of frequency spectra, and it was shown that this design produces significantly lower high-frequency vibrations.
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